The self-gravitating gas in the Newtonian limit is studied in the presence of dark energy with a linear and constant equation of state. Entropy extremization associates to the isothermal Boltzmann distribution an effective density that includes 'dark energy particles', which either strengthen or weaken mutual gravitational attraction, in case of quintessence or phantom dark energy, respectively, that satisfy a linear equation of state. Stability is studied for microcanonical (fixed energy) and canonical (fixed temperature) ensembles. Compared to the previously studied cosmological constant case, in the present work it is found that quintessence increases, while phantom dark energy decreases the instability domain under gravitational collapse. Thus, structures are more easily formed in a quintessence rather than in a phantom dominated Universe. Assuming that galaxy clusters are spherical, nearly isothermal and in hydrostatic equilibrium we find that dark energy with a linear and constant equation of state, for fixed radius, mass and temperature, steepens their total density profile! In case of a cosmological constant, this effect accounts for a 1.5% increase in the density contrast, that is the center to edge density ratio of the cluster. We also propose a method to constrain phantom dark energy.
I. INTRODUCTION
Dark energy is considered a main component of our universe, since its existence relies on convincing observational data [1] [2] [3] . However, its nature still remains a mystery for physics. Three main candidates are quintessence [4] [5] [6] [7] [8] [9] [10] , the cosmological constant and phantom dark energy [11] [12] [13] [14] [15] [16] .
In this expanding universe, driven by dark energy, structures form by the gravitational instability of the self-gravitating gas, that causes a density perturbation to decouple from expansion and collapse. In the matter dominated era, the velocity of gas' constituents is low and the Newtonian limit is appropriate. The thermodynamic stability of a self-gravitating gas in the Newtonian limit is a very old subject [17] [18] [19] [20] [21] [22] [23] [24] (the relativistic case has recently earned a lot of attention [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] ). Hence, this subject has not only a pure theoretical interest, but also an additional cosmological motivation. Its direct application to large structures in the universe, such as the galaxy clusters, provides information on their formation and evolution. Furthermore, one can extend [35, 36] this analysis and investigate the effects of a cosmological constant on the stability of the self-gravitating gas [37] [38] [39] .
In the present work we extend these latter studies [37] [38] [39] in order to examine the effects of dark energy, satisfying a linear equation of state, on the stability of isothermal spheres and galaxy clusters. In particular, we would like to see how the galaxy clusters and especially their * Electronic address: roupas@inp.demokritos.gr † Electronic address: axenides@inp.demokritos.gr ‡ Electronic address: georgiou@inp.demokritos.gr § Electronic address: Emmanuel˙Saridakis@baylor.edu more massive component, namely the dark matter haloes, are affected by the presence of a quintessence or a phantom dark energy, parametrized by a linear equation of state. As we will see, compared to the simple cosmological constant Λ case, apart from increasing the repulsion due to the negative pressure, phantom dark energy in the Newtonian description introduces effective "dark energy particles" that weaken gravitational attraction. On the other hand, quintessence has the inverse effects, that is it decreases repulsion due to pressure and introduces dark energy particles that strengthen mutual gravitational attraction compared to the Λ case. Thus, for both reasons, phantom dark energy decreases the (under gravitational collapse) instability domain and quintessential dark energy increases the instability domain with respect to the Λ case. Large-scale structures are more difficult to be formed in a phantom universe rather than in a quintessence one. This is one main result of our analysis.
The potential effect of a dark-energy component on the formation of galaxy clusters has been inspected recently (see [40, 41] and References therein). As we will see, the dark-energy sector does indeed have effects on the density profile of galaxy clusters and mainly their most massive component, the dark matter haloes. We find that the effects are in principle detectable, and more interestingly that the density profile steepens, in contrast with naive expectation. Additionally, one can use these results the other way around, and impose constraints on the dark-energy equation-of state from galaxy-clusters observations.
The paper is organized as follows. In section II we present the thermodynamics of self-gravitating gas in the presence of dark energy and we study its effect on stability, studying hydrostatic equilibrium, calculating the entropy extrema and performing the stability analysis. In section III we study the galaxy clusters, investigating the effect of dark energy on the clusters' density profile and proposing a method to constrain the dark energy equation of state, based on clusters observations. Finally, section IV is devoted to the conclusions.
II. THERMODYNAMIC INSTABILITIES AND DARK ENERGY
In order to investigate the dark energy effects on the stability of a self-gravitating gas, we will be based on our previous studies [37] [38] [39] . We assume that the dark energy sector is described by a perfect fluid of energy density ρ X and pressure p X , while its equation-of-state parameter is defined as
where for clarity we keep the light speed c in the equations. In the following we restrict ourselves to the observationally favored case w < − 1 3 , although this is not necessary. In this work we assume that w = const, as we want to consider the simplest possible setup, in order to understand the basic effects of dark energy. The extension to the full time-varying w and/or time-varying cosmological constant [42] [43] [44] [45] [46] , as well as the incorporation of possible dark-energy dark-matter interactions [47] [48] [49] [50] and the corresponding complicated analysis, will follow in a subsequent work.
Let us now derive the modified Poisson equation with a dark energy component in the Newtonian limit. Denoting by ρ and p the gas' energy density and pressure, respectively, we can write down the total energy-momentum tensor as
where g αν is the spacetime metric with sign [+, −, −, −], x µ the spacetime coordinate of one fluid element and s the proper length. In the non-relativistic limit, and assuming equilibrium (that is d x/ds = 0) it becomes:
Defining the gravitational potential φ as usual through
we can calculate that for slowly moving particles Γ
2 , and thus that in the static weak field (Newtonian) limit we have R 0 0 = 1 c 2 ∇ 2 φ. Inserting these Newtonian-limit expressions in the time-time component of the Einstein's equations
we finally obtain
This is the modified Poisson equation that determines the gravitational potential in the Newtonian limit.
A. Hydrostatic equilibrium
It will be instructive to study the hydrostatic equilibrium of the self-gravitating gas in presence of dark energy. We start with the relativistic equation of hydrostatic equilibrium, known as Tolman-OppenheimerVolkof (TOV) equation [51, 52] , which however we need to derive in the presence of the dark energy component. As we show in detail in Appendix A, in the static, spherically symmetric case, the Einstein's equations reduce to two equations, namely dp dr
where ρ(r) and p(r) are respectively the total massenergy density and pressure at point r, and M(r) the total mass-energy contained inside r. The first equation (6) is the TOV equation in the presence of a dark-energy component. In the Newtonian limit, that is for c → ∞, we obtain dp dr
where ρ now is the density of matter. This is the equation of hydrostatic equilibrium in the presence of dark energy in the Newtonian limit.
We observe, that gravity is now exerted on effective matter with density
This definition for the effective matter density is also inferred by the momentum component of the energymomentum tensor in the Newtonian limit, namely
as it straightforwardly arises from (2) . Note that looking at the Poisson equation (5), a naive guess would be to define the effective density as ρ+(1+3w)ρ X instead of (9) . This would be wrong. Dark energy introduces an attractive part coming from ρ X and a repulsive one coming from the negative pressure with three components. In case of a cosmological constant (w = −1) the attractive part is completely counterbalanced by the one pressure component, as is evident by the momentum (10), leaving only a term −2ρ X in the Poisson equation, without the need of introducing any kind of new matter. However, we see that in the general dark-energy case, apart from the repulsive gravity due to the pressure, in the Newtonian limit we have the effective appearance of additional "matter particles" that gravitate normally in the quintessence case (ρ eff > ρ) or that tend to gravitationally neutralize normal matter in the phantom case (ρ eff < ρ).
Let us determine the density distribution for which the equation of hydrostatic equilibrium (8) leads to the modified Poisson equation (5) . For an isothermal distribution T = const., the velocity distribution of the gas particles should be a a Maxwellian:
with m their masses, v their velocities, and k the Boltzmann constant. Respectively, the pressure writes as
Thus, in order to get (5) from (8) we should have
which is just the Boltzmann distribution for ρ eff . Inserting this to (9) we acquire
Finally, substituting expressions (12), (13) and (14) into equation of hydrostatic equilibrium (8), we finally obtain
that is the spherically symmetric version of the Poisson equation (5) .
The fact that the effective density as defined in (9) does obey Boltzmann distribution, reassures us that it is the correct choice. We stress that the correct definition of the effective matter density is crucial, since it affects the calculation of the potential energy, but most importantly because it is the one measured in indirect mass observations (for instance in gravitational lensing measurements).
B. Entropy extremum
Let us prove that the distributions (11), (13) extremize the entropy and thus, that they describe thermodynamic equilibria. Let the self-gravitating gas be bounded by spherical walls. This condition is needed for the entropy to have an extremum. Equivalently, only under this condition can hydrostatic equilibrium exist for finite mass. Such a configuration is called an "isothermal sphere" [18, 53] .
Let an isothermal sphere have radius R, and let
be the Boltzmann entropy, where the distribution f ( r, υ) provides the number of effective particles that are inside the cube d 3 r at r, with velocities from υ to υ + d υ. Thus, we have
and the total effective mass is
with
In order to calculate the distribution f that extremizes the entropy S, we have to calculate the variation of (16) in terms of f .
The Poisson equation (5) can be written as
We see that the effective particles interact mutually with Newtonian gravity and moreover interact with some repulsive potential. Hence, we can define the effective potentials
with the total potential being
and therefore the total potential energy takes the simple form
Inserting (17) and (20) into (23), we straightforwardly find
We want to extremize the entropy with constant energy and mass. Using the Lagrange's multipliers method, the following variation condition should be satisfied to first order:
where β, α are two yet undetermined Lagrange multipliers and k the Boltzmann's constant. Inserting δS from (16) and δM eff from (18), as well as calculating from (24) 
we finally acquire from (25) that:
This finally gives
where A = e mα−1+mβC . From this expression we derive the average kinetic energy per particle
and therefore we see that β should be interpreted as the inverse temperature
Finally, inserting the calculated f (r, υ) from (27) into equation (17) we obtain
leads to equation (14) ρ (29) and to the distribution (11)
as desired. In summary, we see that the hydrostatic equilibrium of a self-gravitating gas, in the presence of dark energy, for an isothermal distribution corresponds to a state of entropy extremum, with an effective density given by (13) that obeys the Boltzmann distribution. However, the stability of this state depends on whether the extremum is maximum or not.
C. Energy, temperature and stability
In order to determine the type of the entropy extremum, and thus to deduce whether we have stability or not, we have to examine the sign of the second variation of entropy. Fortunately, due to a theorem of Poincaré [54] , and its subsequent refinements by Katz [24, 55] , one does not always have to calculate the second variation of entropy or free energy. In particular, for fixed energy E and mass M , that is in the case of microcanonical ensemble, an instability sets in at the equilibrium point where there is a vertical tangent on the diagram of equilibria T (E). On the other hand, for fixed temperature T and mass M , that is in the case of canonical ensemble, an instability sets in at the equilibrium point where there is a vertical tangent on the diagram of equilibria E(T ). For an isothermal sphere of a self-gravitating gas, the instability in the microcanonical ensemble is called gravothermal catastrophe [17-19, 37, 38] , while the instability in the canonical ensemble is called isothermal collapse [21, 38, 39] .
In practice, in a series-of-equilibria diagram of the energy versus any variable, an extremum is a turning point of stability. This implies that if one branch of the diagram up to the turning point is known to be stable, the branch beyond the turning point will be unstable, and vice versa. In addition, since we have an extremum, there do not exist equilibria at all above this extremum in the case where it is a global maximum, or beneath this extremum in the case where it is a global minimum. Therefore, we conclude that the system exhibits a gravothermal catastrophe at the turning point in a series-of-equilibria diagram of E versus any variable, and similarly it exhibits an isothermal collapse at the turning point in a series-of-equilibria diagram of T versus any variable.
In conclusion, instead of having to perform the complicated calculation of the second variation of entropy, we just need to calculate the energy and temperature of the isothermal sphere in the presence of dark energy, and draw the corresponding diagrams of series of equilibria.
Substituting the density distribution (29) into the Poisson equation (15), we obtain the Emden equation [53] , modified with the additional contribution of the darkenergy component, namely
where ρ 0 is the density of matter at the center of the sphere. Defining the dimensionless variables
the modified Emden equation (30) becomes:
with initial conditions y(0) = y ′ (0) = 0. Hence, for given values of w and ρ X , an equilibrium configuration is completely determined by the values of mass M and radius R that correspond to a temperature T and energy E. In the following we desire to numerically generate a series of equilibria T (E) for fixed mass M in order to study stability, which is not straightforward since there are some complications.
Let z be the value of x at R:
To obtain a solution of equation (32) one has to specify the couple (z, λ). As we noted, we do not want just a solution, but a consistent series of solutions (equilibria). Assuming some fixed value of ρ X , then fixing λ and solving for various z would generate a series with different mass at each equilibrium. The reason is that fixing λ corresponds to fixing ρ 0 . Therefore, in order to have different equilibria for various radii R and hence z, these equilibria should have different mass. The same holds if one keeps z constant and vary λ. The deeper reason for this difficulty in determining a consistent series of equilibria, that does not exist without dark energy, is that dark energy introduces a mass scale
to the system. Thus, we introduce a dimensionless mass:
Based on earlier works [29, 37, 38] we construct a computer code that can solve equation (32) for various values (z, λ) and choose these solutions that correspond to a fixed (up to some tolerance determined by the user) value of µ. In this way, we can generate consistent series of equilibria corresponding to the same mass. Performing the calculation for various µ we can generate the series for various values of ρ X . In order to proceed to this numerical elaboration, we define a dimensionless energy
and a dimensionless inverse temperature
In order to calculate B we integrate equation (15), using also the dimensionless variables (31), obtaining
The calculation of E is more complicated. We start by using the distribution function (11) 
Similarly, using (22) we define a dimensionless expression for φ(0):
and then inserting (40) into (20), (21), (23), we calculate the dimensionless potential energy as
Finally, using (39) and (41), the dimensionless energy is written as
We note that the virial equation is modified both due to dark energy and the external pressure P . It is relatively easy to show that the virial equation becomes:
where U N (eff) and U X(eff) are the potential energy of the effective matter (that includes the dark energy particles) and the remaining dark energy potential energy, respectively. These two potential energies are the components of equation (23). We verified numerically that the expressions (39) and (41) indeed satisfy the generalized virial equation (43) . Thus, the entropy extrema correspond to virialized configurations. One would naturally expect the relaxation process towards virialization, described by the Layzer-Irvine equation [56] in an expanding Universe, to be affected, as well [44] . But in the present work this does not affect our results, since we derive our conclusions only by the radii at which an instability sets in. However, a separate analysis on the relaxation process would not only be interesting by its own right, but could also help understand some of our conclusions, such as the steepening of clusters density profile, as is demonstrated in section III.
Let us now focus on our scope of this section. That is to draw the critical radius, at which an instability sets in, in the microcanonical and canonical ensembles, with 
The series of equilibria expressed as E = ER/GM 2 versus the density contrast (ρ0/ρR) eff for a simple cosmological constant (w = −1), quintessential (w = −0.8) and phantom (w = −1.2) dark energy. At points C P h , CΛ and CQ an instability sets in. The dashed curves correspond to unstable equilibria, while the solid curves to stable equilibria.
libria expressed by E w.r.t. the density contrast ρ 0 /ρ R for each isothermal sphere, for a specific µ, for a simple cosmological constant w = −1, quintessential w = −0.8 and phantom w = −1.2 dark energy. Each minimum is a turning point of stability in the microcanonical ensemble. On the other hand, the maximum in B is a turning point of stability in the canonical ensemble. We repeat the calculations of minima in E and maxima in B for many µ values and finally plot these critical values in Figure 2 and Figure 3 . These critical values correspond to the desired critical radii, assuming M , E constant in the microcanonical ensemble and M , T constant in the canonical ensemble.
In Figure 2 , for every w we observe the characteristic reentrant behavior for the micorcanonical ensemble noticed firstly in [37] . For a fixed ρ X , equilibria do exist for arbitrarily small radii. Then, at some bigger radius an instability sets in and no equilibria are allowed. The system undergoes gravothermal catastrophe [17, 18] . Note that recently, gravothermal catastrophe has been identified as similar to Jeans instability [57] . Returning to Figure 2 , we see that for some even bigger radius, let call it the "reentrant radius", the equilibria are restored. This effect is due to the dark energy, which introduces an harmonic, repulsive force proportional to the radius. The equilibria above this radius have peculiar density profiles, with an increasing density towards the edge or with various local maxima [37, 38] . This means that if the walls were absent, these states would correspond 2) dark energy. For each curve the instability domain is the one below the curve, and thus no equilibria exist for radii smaller than the critical radius for some fixed ρX .
to perturbations that would follow Universe's expansion. Such perturbations would not collapse and could not lead to structure formation. Thus, the reentrant radius, defines the maximum size of a perturbation that can lead to structure formation. This resembles exactly the "maximum turnaround radius" noticed recently [58] . We see in Figure 2 that the reentrant radius is smaller for phantom dark energy than for quintessential one. Thus, large scale structures are more easily formed in a quintessential rather than a phantom universe. This effect is due to the stronger repulsive pressure of phantom dark energy and it was qualitatively expected, however in the above analysis it has been incorporated quantitatively.
In Figure 3 we notice that the critical radius in the canonical ensemble, is smaller for phantom rather than quintessential dark energy. Since the instability domain is underneath the critical radius, we conclude again that quintessence increases the instability domain, with respect to phantom dark energy and the simple cosmological constant case. In the case of the canonical ensemble, this effect is only due to the effective particles that introduce additional mutual attraction for quintessential dark energy. The negative pressure is not important, because the instability sets in for small radii where the repulsive force is irrelevant (it increases with distance).
Finally, we stress that the minimum in E corresponds to some value of the density contrast (ρ 0 /ρ R ) eff , as can be seen in Figure 1 . This is a critical value, where an instability sets in. For larger density contrasts, the equilibria are unstable and the system undergoes gravothermal catastrophe. These unstable equilibria correspond to the dashed curves in Figure 1 .
In the next section we will use this critical density contrast, which for completeness is depicted in Figure  4 , where we see that the critical density contrast is smaller for phantom rather than quintessential dark energy. Equilibria corresponding to density contrast value that lies above each curve are unstable, while the ones underneath each curve are stable. 
FIG. 4:
The critical density contrast of effective density for fixed radius R and mass M versus ρX for cosmological constant (w = −1), quintessential (w = −0.8) and phantom (w = −1.2) dark energy in the microcanonical ensemble. For each curve, all equilibria above it are unstable, that is the ones with density contrast bigger than the critical value for some fixed ρX .
III. GALAXY CLUSTERS IN THE PRESENCE OF DARK ENERGY
In the previous section we performed a detailed general analysis of the stability of self-gravitating gas in the presence of a general dark-energy component. In this section we will apply it in the specific case of galaxy clusters, which are dominated by the dark matter halo. Our goal is to first estimate the effect of dark energy on the density profile of the dark-matter halo and secondly to examine whether any constrain on the equation-of-state of dark energy can be deduced from observational facts of galaxy clusters. We will perform the analysis in the most simple set-up, assuming hydrostatic equilibrium, isothermal distribution and spherical symmetry.
Galaxy clusters are the largest, virialized, selfgravitating bound systems in the Universe. They have been the focus of intense study for several decades, among other reasons because they provide crucial information on the formation of large-scale structure and on estimates of cosmological parameters [59] . Galaxy clusters are consisted of three components. Dark matter is the main component holding about 80 − 90% of the total mass, the X-ray emitting hot intracluster medium (ICM) makes up about 10 − 20% and only a small fraction ∼ 1% corresponds to cold gas, dust and stars found mainly in galaxies. The intracluster medium is hot plasma with temperature about 2 − 10keV , consisted mainly of ionized hydrogen and helium and electrons. It emits X-rays due to thermal bremsstrahlung. All three components are found to be approximately in hydrostatic equilibrium [60, 61] inside the gravitational well of the cluster, dominated by the dark matter halo. The hypothesis of hydrostatic equilibrium corresponds to the assumption that self-gravity is halted only by thermal pressure. Nonthermal pressure is found to contribute at about 10% [62] [63] [64] to the total pressure. Dark matter is assumed to be collisionless, although recently the possibility to be slightly self-interacting is being inspected [65] [66] [67] [68] . The ICM is nearly isothermal, at least apart from the central regions [69, 70] .
Due to the equivalence between inertial and gravitational mass, orbits in a gravitational system are independent of the mass of the orbiting particles. Therefore, it is legitimate to assume that different species in a relaxed, spherically-symmetric, gravitational system have the same average specific kinetic energy. In a gas system, equilibrium implies energy equipartition between different species, while for a relaxed, gravitational system the corresponding principle would be the common velocity dispersion, because of the equivalence principle. Indeed, simulations of dark matter haloes [71, 72] do indicate that (kT /m)/σ 2 DM ≃ 1 while observational data indicate [73] that (kT /m)/σ 2 gal ≃ 1, where T is the mean temperature of the ICM, σ 2 DM is the dark matter velocity dispersion, σ 2 gal is the galaxy velocity dispersion, m ≃ 0.6m p is the mean particle mass of ICM and m p is the proton mass. Therefore, we have strong arguments to justify the con-
where T is the temperature of ICM in an isothermal distribution. Consequently, under these assumptions, the three components of a galaxy cluster have the same density distributions, leading to the total distribution: kpc), temperature T (keV ) and the ratio of the cosmological constant to the mean density for ρX = 6.5 · 10 −30 gr/cm 3 for some galaxy clusters. The virial mass is calculated by Hoekstra [74] with a Navarro-Frenk-White (NFW) fit to weak-lensing data.
In realistic situations not all components have the same distributions, but since in this work we are interested in estimating the effect of dark energy to the distribution of the cluster, and not determining the exact distributions, we expect that deviations from expressions (44) and (45) would not alter the dark-energy effect. Since clusters are dominated by the dark matter halo, our results hold for the halo's profile. Additionally, it is interesting to note that the above assumptions are exactly the same with those of the so-called truncated isothermal sphere (TIS) model [75, 76] . In TIS model the dark-matter halo is assumed to be spherical, isothermal and in equilibrium (that is an isothermal sphere), formed from the collapse and virialization of "top-hat" density-perturbations. The TIS scenario is a unique, non-singular solution of the Emden equation, modified with a cosmological constant [76] , corresponding to the minimum-energy solution under constant external pressure, while the gas and the dark-matter halo are assumed to have the same distribution as in equation (45) . The difference of TIS with our analysis is that we consider all non-singular solutions of the modified Emden equation (32) and not only the specific TIS one. This model is in a very good agreement with simulations and observations [77] , at least outside the inner regions of the cluster. In the inner regions the TIS model predicts a soft core, however collisionless Nbody simulations of dark matter haloes predict a cusp, rather than a core. The main reason for this difference is the assumption of isothermality: the N -body simulations are nearly isothermal apart from a small region dip near the center, which causes the cuspy profile, while the self-interacting dark matter is possible to form a central core [78] . Moreover, in contrast with simulations, observations at small scales favor the existence of a central core in dark matter haloes, a problem called the "core-cusp problem" [79, 80] . Regarding our work, the agreement of the non-singular, isothermal sphere with observations and simulations, besides the inner region, is sufficient for our purposes.
Let us now proceed to the estimation of the effect of dark energy to the density profile of galaxy clusters. Note that the effective mass and density profile are the ones measured by indirect measurements such as gravitational lensing and hydrostatic equilibrium. Thus, in all of our subsequent analysis of galaxy clusters we use the effective values of density contrast (for the cosmological constant w = −1 however the effective density is identical to the matter density).
In the estimation procedure we will need the quantity 2ρ X / ρ in galaxy clusters, where ρ = 3M vir /4πR 3 vir is the average density of the cluster as it arises from observations. In order to extract this observation-related value, we work with a sample of 11 clusters taken by Hoekstra [74] , who performed a model-independent analysis based on weak-lensing measurements. We used only these clusters that have such virial radius, virial mass and temperature that can correspond to an isothermal equilibrium. The virial radius, the virial mass, the temperature and the ratio 2ρ X / ρ for each cluster is shown in Table I . We have used ρ X ≃ 6.5·10
−30 gr/cm 3 [1] . The mean ratio 2ρ X / ρ is:
and the mean B = GM vir m/kT R vir is B = 2.07.
Using the computer code of the previous section, and for dimensionless mass (equation (35)) µ = 111.11 that corresponds to (46), we calculate numerically the corresponding value to (47) of the effective density contrast (ρ 0 /ρ R ) eff both in the presence of dark energy and for ρ X = 0 and find how much is the profile altered by the presence of dark energy. For fixed radius, mass and temperature, we find the counter-intuitive result that dark energy, either quintessential or phantom or a cosmological constant, tends to steepen the density profile increasing the density contrast. This can be seen in figure 5 for density contrast values greater than the peak, which are the ones relevant to observations. We believe the reason is that for fixed temperature, mass and radius, the extra outward pressure introduced by dark energy, enables 
The series of equilibria without dark energy (dashed blue line) and with a cosmological constant, i.e. w = −1, (solid red line) for 2ρΛ/ ρ = 0.009 that corresponds to our galaxy clusters sample, expressed as the ratio GM m/kT R versus the natural logarithm of the central to edge density ratio of the cluster. At GM m/kT R = 2.07 correspond two density profiles at each case (ρΛ = 0 and ρΛ = 0). The profiles with the higher density contrast (after the peak) are the ones relevant to galaxy clusters. The case ρΛ = 0 has greater density contrast than the case ρΛ = 0. more mass to be concentrated towards the center of the cluster. For the case w = −1, i.e. the cosmological constant, we find that the density profile is steepened by an amount of 1.5%. Finally, we mention that the effect of dark energy becomes stronger as w becomes more negative, as can be seen in figure 6 .
Finally, let us propose a method to impose constraints on the dark-energy equation-of-state parameter. As we discussed in section II, as w attains more negative values, the critical density contrast (the maximum allowed before gravothermal catastrophe occurs) decreases, as in figure 4 . Therefore, we can use this property in order to find a minimum allowed value of w. If the minimum possible density contrast, corresponding to an isothermal distribution can be determined from clusters' observations, then the critical density contrast can be no smaller than this value. Hence, provided the minimum observational density contrast is given, we can numerically calculate the w which has critical density contrast equal to this value. This w value would be the minimum possible in order for the cluster to be in equilibrium.
IV. CONCLUSIONS
In this work we studied the effect of dark energy on the stability of isothermal spheres for various values of ρ X (in section II), and furthermore, based on this analysis, we focused on the effect of dark energy on galaxy clusters The effect of dark energy to the density profile of galaxy clusters. The percentage increase of the effective density contrast (ρ0/ρR) eff , i.e. the center divided by the edge density, for ρX = 6.5 · 10 −30 gr/cm 3 with respect to the case ρX = 0 versus w, for fixed temperature, total mass and radius.
(in section III).
We assumed a linear and constant equation of state for dark energy and we investigated the effect on selfgravitating gas bound by external pressure (walls), in the Newtonian limit. Dark energy introduces a repulsive force due to the negative pressure, generated by an effective potential (equation (21) , but it additionally introduces "dark energy" particles through an effective density, given in equation (9) . These dark energy particles strengthen attraction in case of quintessential dark energy (w > −1) and weaken attraction in case of phantom dark energy (w < −1). The total effect, however, of repulsive potential and dark energy particles, is in all cases repulsive. We calculated the entropy extremum and we found that it corresponds to a Boltzmann distribution for the effective density (see equations (13) and (29)).
Then, we focused on the effect of dark energy in the stability of isothermal spheres. This effect can be summarized in figures 2, 3 and 4. The microcanonical ensemble (fixed energy) in the presence of a cosmological constant is known to present a reentrant phase transition [37] , that is for some fixed ρ X there exist two critical radii and no equilibria exist between these two values. The upper radius is called the reentrant radius and at this radius equilibria are restored. This equilibria have increasing density towards the edge and correspond to perturbations that follow the expansion in an expanding Universe. Thus, the reentrant radius, defines the maximum size of a perturbation that can lead to structure formation. Quintessence increases the reentrant radius, while phantom dark energy decreases it, as can be seen in Figure 2 . Therefore, a quintessence universe is expected to present richer large scale structure, with more and larger bounded systems, than a phantom universe. In the canonical ensemble (fixed temperature) there is only one critical radius less than which there are no equilibria. Quintessence increases this critical radius with respect to the simple cosmological constant case, while phantom dark energy decreases it, as can be seen in Figure 3 . Thus, quintessential dark energy enlarges the instability domain, while phantom dark energy narrows it, with respect to the cosmological constant. Finally, we inspected how the critical effective density contrast (the critical central to edge effective density ratio), corresponding to gravothermal catastrophe (fixed energy) is affected by dark energy. The result is shown in Figure 4 . Quintessential dark energy increases the critical density contrast, while phantom dark energy decreases it. This implies that in a quintessence universe more condensed large scale structures are formed.
Regarding the second part of this work (section III), let us remark that we find a rather counter-intuitive result. Dark energy causes the density profile of galaxy clusters to be more centrally concentrated. That is, for fixed mass, radius and temperature, the system will equilibrate in a larger density contrast (central to edge ratio ρ 0 /ρ R ) in the presence of dark energy. This is manifested in Figure 5 . It seems as if for these equilibria, the extra outward pointing pressure of dark energy is added to the thermal pressure, enabling the system to equilibrate in a more condensed state. This might be associated with the fact that these equilibria are unstable under variations that preserve the temperature, namely isothermal collapse. This is evident in Figure 5 , where the equilibria corresponding to galaxy clusters are the ones after the peak and hence are unstable under isothermal collapse. However, they are stable under variations that preserve the energy (instability in this case would correspond to gravothermal catastrophe), at least up to some greater density contrast value. Most importantly, this effect, that is the steepening of the density profile due to dark energy, corresponds in the case w = −1 to equilibration of the cluster for the same M , T and R at about 1.5% greater density contrast. The effect is getting stronger as w attains more negative values. This is evident in Figure 6 . We note that clustered dark energy is found in Ref. [44] to produce even more concentrated structures than the homogeneous vacuum energy, considered in the current work. The case of clustered dark energy is not considered here, since it would introduce various complexities in the analysis, such as the modification in the virial theorem. We think the relevance of the current formulation with Ref. [44] should be explored further.
Last but not least, we proposed a method to constrain phantom dark energy from galaxy clusters observations. As we have seen in section II the critical density contrast at which the instability sets in is decreasing with decreasing w. Therefore, if one can determine, based on galaxy clusters observations, the density contrast corresponding to static isothermal equilibrium, then one can determine the minimum w as the one that has critical density contrast equal to this value.
We close by making a comment on the generality of our results. In the above analysis we considered only the case of a linear and constant equation of state, in order to understand the basic effects of dark energy. Clearly, a divergence from these assumptions deserves separate investigation, since the results could quantitatively (or even qualitatively) change. Such could be the more general case of a time-varying w and/or time-varying cosmological constant [42] [43] [44] [45] [46] , remaining in the linear equation of state, or even going to more general equation of states such is the generalized polytropic one [81] [82] [83] [84] . These extensions are under investigation and are going to be presented in a future publication. Finally, note that in reality, the dark energy sector may have an effective nature, and thus its equation of state too, not corresponding to fundamental fields or degrees of freedom [85] [86] [87] . In this case its implication on the galaxy cluster might change too, and thus it might offer a way to distinguish amongst the various dark energy scenarios.
